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Abstract-A graph G is defined to be semiharmonic if there is a constant p (necessarily a natural 
number) such that, for every vertex 21, the number of walks of length 3 starting in v equals PC&(V) 
where dG(v) is the degree of V. We determine all finite semiharmonic trees and monocyclic graphs. 
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1. INTRODUCTION 
We consider a fixed simple graph G with vertex set V = V(G) and edge set E = E(G) 5 (I). 
The degree of a vertex 21 E V and the set of neighbors of v are denoted by d(v) and N(v), 
respectively. The number of walks of length i of G starting in v is denoted by di(v) and the 
number of all walks of length i by Wi. This number has been investigated by various chemists 
(cf. [l--7]). 
It is obvious that 
h(v) = d(v), &+1(u) = 1 h(w) 
t&N(v) 
and 
W, = c di(w) 
VEV(G) 
holds for every natural number i. To avoid trivial cases, we define a tree to be a connected graph 
without cycles and with at least one edge. A vertex of degree one will be called a leaf of G, even 
if G is not a tree. 
In [8], Dress and Gutman investigated the growth of wk for a given graph G. Especially, they 
obtained that the inequality Wa+b _ < WzaW2b holds for all a, b E No. Obviously, equality holds 
if a = b, for arbitrary a, b E No if (and only if) G is regular, and for arbitrary a, b E No with 
a s b mod 2 if (and only if) dz(u) = c holds for every vertex v E V and a fixed number c E N. It 
turns out that there are exactly two more special cases. A graph is called 
l harmonic, if W,+, = WzaW2b holds for all a, b E N 
*Author to whom all correspondence should be addressed. 
The authors would like to thank the DFG for support. 
0893-9659/03/$ - see front matter @ 2003 Elsevier Ltd. All rights reserved. 
doi: lO.lOlS/SO893-9659(03)00198-8 
Typeset by J&!-T@ 
1330 A. DRESS AND S. GR~NEWALD 
and 
l semihar.monic, if Wa+6 = WzaW2b holds for all a, b E N with a = b mod 2. 
Every harmonic graph is also semiharmonic, and a graph G is semiharmonic if and only if there 
exists a c0nstant.p such that &(w) = pd(v) holds for every vertex v E V(G). We call such a graph 
p-semiharmonic, and we remark that the number of walks of given length of a p-semiharmonic 
graph G can be easily calculated by Wo = IV(G)I, WI = 21E(G)J, Wz = CVcV(G) do, and 
W2k+l= PkWl and W2k+2 = P kW2 for every k E N. Since w2k+, = pkWl is a natural number 
for every k E N, we must have p E W. A graph is p-semiharmonic if and only if every component 
is p-semiharmonic; thus, we can focus on connected graphs. 
In [9], all finite and infinite harmonic trees were determined, and it was shown in [lo] that no 
connected nonregular unicyclic or bicyclic graph can be harmonic, and that there exist exactly 
four and 16 connected nonregular tricyclic and tetracyclic harmonic graphs, respectively. In this 
paper, we determine all semiharmonic trees and all finite connected monocyclic graphs. 
2. FINITE SEMIHARMONIC TREES 
The star graph Kl,, is the tree with n + 1 vertices where one central vertex is adjacent to all 
of the remaining n vertices. Clearly, K,,l is n-semiharmonic. For a, b E N, we define Ta,b to be 
the tree that contains a central vertex u of degree a while every neighbor w of w has degree b, 
and every neighbor of w distinct from v is a leaf. It can easily be checked that Ta,b is a + b - l- 
semiharmonic and that Ta,b is harmonic if and only if b = a2 - a + 1 holds (see [9]). We remark 
that Kl,,, Tl,n, and T,,J are all isomorphic, whereas, for a, b 2 1 and c, d > 2, the trees Ta,b 
and Tc,d are isomorphic if and only if a = c and b = d holds. 
THEOREM 2.1. Let G be a connected semiharmonic graph containing adjacent vertices u, v where 
d(u), d(v) 2 2 and every neighbor of v except IL is a leaf. Then G = Td(zL),d(v). 
PROOF. For every leaf w adjacent to v, we have ds(w) = dz(v) = C2cN(V) d(z) = d(v) -l+d(u). 
Thus, G is (d(u) + d(v) - l)- semiharmonic. Hence, ds(v) = (d(u) + d(w) - l)d(v) must hold. On 
the other hand, we have ds(w) = CzcN(V) dz(z) = (d(v) - l)d(w) + dz(u), since d2(w) = d(v) for 
every leaf w adjacent to v. Together, this implies 
d(u)d(v) = dg(u) = c c 1 = d(u) + c c 1, 
zGv(u) YEN(Z) zGN(u) YEN(z),Y#u 
and therefore, 
d(u)(d(v) - 1) = c c 1. 
eN(u) yEN(z),y#u 
On the other hand, we must have 
(d(u) + d(v) - l)d(zL) = &(u) = c c d(y) = d(u)2 + c c d(Y), 
ZEN(U) YEN(I) 2ev(u) yEN(r),Y#~ 
and hence, 
d(u)(d(v) - 1) = 1 c d(Y). 
6N(U) YEN(l),Y#u 
Thus, every vertex adjacent to a neighbor v’ of ‘u. except u itself must be a,leaf. So, replacing w 
by w’ in the above argument, we get that G must also be (d(u) + d(v’) - l)-semiharmonic which 
implies that d(w) = d(v’) must hold for every neighbor w’ of u and, hence, that G is isomorphic 
to Td(u),d(v) as claimed. I 
COROLLARY 2.2. A tree T is p-semiharmonic if and only if there exist a, b E N with T = Ta,b 
andafb-l=p. 
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3. FINITE SEMIHARMONIC 
CONNECTED MONOCIRCULAR GRAPHS 
Every cycle is 2-regular and, therefore, 4-semiharmonic. For b, k E N with k > 2, we define Mzk 
to be the connected graph containing a cycle (vl, . . . , vzh, 01) of length 2k where, for i = 1,. . . , k, 
one has d(vzi-1) = 2 + a, d(vzi) = 2, and d(w) = 1 for every neighbor w of ~i+l except v2i and 
v2i+2. Then, Mz” is a (4 + a)-semiharmonic graph. 
THEOREM 3.1. Let G be a connected monocircular graph, Jet (WI,. . . , v,, vul) be the cycle of G, 
and assume that b := d(vl) > 2 holds. Then G is semiharmonic if and only if n is even and G is 
isomorphic to MrV2. 
PROOF. Recall that every connected monocircular graph G can be viewed as composed of 
(i) its cycle vl, , v, and 
(ii) a family of trees 2’1,. . . ,T, such that, for i = 1,2,. . . ,n, each tree T, is “rooted” at the 
vertex vi. 
Thus, applying Theorem 2.1 to the “last” vertex u with d(v) 2 2 in any one of those rooted 
trees, we see immediately that every vertex that is not contained in the cycle must have degree 1. 
Thus, the equations 
dz(wi) = d(vi) - 2 + d(vivl) + d(wi+l) (1) 
and 
ds(w) = dz(wi) = d(vi) - 2 + d(vi-1) + d(wi+l) (2) 
must hold for each vertex vi (i = 1,2, . . , nmod n) and each leave w of G adjacent to the 
vertex II, which in turn implies that G is d(vi) - 2 + d(w+1) + d(vi+l)-semiharmonic for each 
i= 1,2,... , n mod n with d(vi) > 2. 
Next, we assume that ~1 is a vertex of maximum degree. The equations above imply 
(b + d(vz) + d(vn) - 2)b = &(wl) = c d&) = (b - 2)b + dz(w,) + d2(v2) 
eN(w) 
and thus, in view of (2), 
(4?~2) + d(Q)b = h.(m) + ds(w,) = 2b - 4 + d(wa) + d(w3) + d(v,) + d(w,-I), (3) 
or equivalently, 
(d(m) + d(w,) - 2)(b - 1) = d(w) + d(vrc-1) - 2. (4) 
However, the maximality of b implies d(vg), d(wk-1) 5 b, and the fact that 212, w, are contained 
in a cycle implies d(wz),d(w,) > 2. So, equality must hold in both cases in view of (4), i.e., we 
must have d(w2) = 2 and d(wg) = b. By iteratively applying this argument to ~3,215,. . , we obtain 
that n must be even and G is indeed isomorphic MrVz. I 
COROLLARY 3.2. A monocyclic connected graph M is p-semiharmonic if and only if either M is 
a cycle and ,LL = 4, or there exist a, k E N with M N Mzk and p = a + 4. 
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